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Unsteady Transonic Flow over Wings
Including Inviscid/Viscous Interaction

D. P. Rizzetta* and C. J. Borlandt
Boeing Military Airplane Company, Seattle, Washington

A numerical procedure is presented for computing the unsteady transonic flowfield about swept wings un-
dergoing time-dependent motions. The outer inviscid portion of the flow is assumed to be governed by the
modified unsteady transonic small disturbance potential equation which is integrated in the time domain by
means of an alternating direction implicit algorithm. Dominant effects of the shock/boundary-layer interaction
are accdunted for by a simple empirically defined model. Viscous flow regions adjacent to the wing surface and
in the trailing wake are described by a set of integral equations appropriate for compressible turbulent shear
layers. The two-dimensional boundary-layer equations are applied quasistatically stripwise across the span.
Coupling with the outer inviscid flow is implemented through use of the displacement thickness concept.
Validity of the assumptions underlying the method is established by comparison with experimental data for the
flow about a high aspect ratio transport wing having an advanced airfoil section.
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reduced frequency, (^crIU^
Mach number
physical normal boundary-layer coordinate
freestream Reynolds number based upon
chord, pooC/ooC,/^
physical stream wise boundary-layer
coordinate
physical time nondimensionalized by 1/co
stream wise velocity component
physical streamwise coordinate non-
dimensionalized by cr

physical spanwise coordinate non-
dimensionalized by cr

physical normal coordinate non-
dimensionalized by cr
angle of attack
viscous ramp wedge angle
specific heat ratio
boundary-layer thickness
displacement thickness,

<V<^rr = finite difference operators
£, Ar/, Af, A/ = finite difference numerical mesh step sizes

= 0 for low-frequency approximation;
1 otherwise

= nondimensional transformed normal
coordinate

= nondimensional transformed spanwise
coordinate

= momentum defect thickness,

. - . - Ue
= leading-edge sweep angle
= local section sweep angle
= taper ratio
= viscosity coefficient
= nondimensional transformed stream wise

coordinate
= offset of viscous ramp leading edge from

sonic point
= length of viscous ramp precursor
= length of viscous ramp main body
= sonic point location
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= density
= perturbation velocity potential function
nondimensionalized by cr Ux

= physical velocity potential function,

Superscripts

= circular oscillation frequency

= upper surface
= lower surface
= backward difference
= first intermediate solution (prediction)
= second intermediate solution (first correction)
= critical value
= previous time level
= final solution at new time level (second
correction)

Subscripts
e
I,J,K

= boundary-layer edge
= £^f grid indices

Kp =f plane lying above wing surface
Km = f plane lying below wing surface
LE = leading edge
min = minimum
tip = wing tip
t = time derivative
US = upstream
x,y,z\%,ii,$ = spatial derivative
2D = two dimensional
3D = three dimensional
oo =freestream

I. Introduction

SOLUTIONS of steady inviscid transonic flowfields about
wings of arbitrary planform are commonly obtained by

numerical solution of the differential equation governing the
velocity potential function. While this approach necessarily
implies that any embedded shock waves are sufficiently weak
that rotationality effects may be neglected, it has proven
extremely useful for many applications.1'7 In the case of
unsteady flows, few methods capable of generating time
accurate three-dimensional flowfields are available cur-
rently.8"12 If the wing may be considered thin, the problem is
rendered more tractable by applying the small disturbance
assumption. This not only simplifies the governing equation,
but also facilitates application of the surface boundary
condition.

Time integration of the modified unsteady transonic small
disturbance potential equation has proven to be particularly
useful. It permits the treatment of nonlinear unsteady three-
dimensional flow phenomena including irregular shock wave
motion. In addition, the flowfield equation may be coupled
directly with the structural equations of motion for an elastic
wing which simultaneously are integrated in time in order to
obtain a nonlinear aeroelastic solution.13

Although unsteady inviscid flowfield solutions can provide
a reasonable physical description for a wide variety of flow
conditions, they will not be adequate when viscous effects are
significant. This is true typically for flows about wings having
advanced airfoil sections which involve complex flow
structures characterized by the following phenomena: 1)
shock/boundary-layer interaction altering the shock strength
and location, 2) effective camber modification due to dif-
ferences in the boundary-layer displacement on the upper and
lower wing surfaces, and 3) displacement and camber effects
of the near wake. A detailed description of these effects can be
provided only through the use of additional equations
governing the flow. Numerical solution of the more exact
equations appropriate to three-dimensional viscous flows is
burdensome in terms of computing resources. For the study

of aeroelastic behavior and nonlinear flutter, it is reasonable
to perform a more simplified analysis. It is the intent here to
account for the gross dominant effects of inviscid/viscous
interaction for such applications without degrading the basic
efficiency of the inviscid computation. Thus, no attempt will
be made to resolve exact details of viscous regions, but rather
the effects of viscosity upon the unsteady surface pressure
distribution will be determined in order to provide ap-
propriate aerodynamic forces for structural applications.

It is assumed that viscous effects are confined to thin
regions immediately adjacent to the wing surface and along
the trailing wake. These are then postulated to be in in-
stantaneous equilibrium with the unsteady outer inviscid
flow. A simple order of magnitude analysis indicates that this
assumption is valid if the reduced frequency of the unsteady
wing surface motion is small.14 As a consequence, a steady
form of the equations governing the viscous regions may be
applied in a quasisteady fashion. In addition, the viscous
equations appropriate for two-dimensional flows will be
applied strip wise along the span. For this calculation,
however, the stream wise direction is taken as that either
normal to the mean of the leading- and trailing-edge sweep
angles for locally subsonic strips, or normal to the shock
surface for strips where shock waves are present. Thus, the
treatment of the viscous equations embodies the concept of
simple sweep theory.

The use of two-dimensional boundary-layer equations
greatly reduces the amount of computational effort involved
in treating viscous regions. Even with an integral formulation,
a three-dimensional viscous analysis requires solution of a
system of partial differential equations, which can be costly.
This is no small consideration for performing aeroelastic
analysis which may require a large number of solutions to
establish flutter boundaries.

Viscous regions are assumed to be governed by a set of
boundary-layer equations appropriate for turbulent flows.
For this purpose an integral form of "lag entrainment
equations" are employed, which have been used with success
for the prediction of turbulent shear layers.15'17 Coupling with
the outer inviscid flow is provided by the displacement
thickness concept within the framework of small disturbance
theory. The impact of viscous effects upon the potential
equation is manifested solely in a modification of the surface
and wake boundary conditions. This procedure has proven
adequate for a number of both steady and unsteady com-
putations of flows about airfoils.18"20

The most complex aspect of viscous transonic flows over
wings is that of the shock/boundary-layer interaction. This
effect is difficult to represent and resolve correctly for tur-
bulent flows, and troublesome to couple in a numerically
stable fashion with the outer inviscid solution. In the case of
steady flows, procedures have been developed which achieve
this coupling. Such methods commonly involve the use of
under-relaxation in an iterative.process such that a matching
of the two solutions is attained at convergence. Both the
physical and numerical difficulties are considerably more
involved in the unsteady case. Here, the shock strength and
location vary in time as the shock traverses the wing surface.
In addition, time accuracy as well as stability is essentials

Much of this difficulty is removed by employing a simple
computational artifice to model the displacement effect of the
shock/boundary-layer interaction which is used in con-
junction with the boundary-layer solution. This is ac-
complished by augmenting the wing surface geometry with a
wedge-nosed ramp that is inserted near the base of the shock
in the inviscid calculation. The ramp converts the normal
shock to an oblique shock, thereby decreasing its strength,
displaces it upstream from its inviscid location, and is free to
traverse the wing surface in correspondence with the unsteady
shock motion. The magnitude of the ramp angle is allowed to
adjust instantaneously to the shock strength and is chosen
such that an empirically defined post-shock pressure is
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recovered. Application of this ramp model has proven quite
useful in both two- and three-dimensional steady com-
putations21 and more recently in two-dimensional unsteady
solutions.14-22

II. Unsteady Potential Equation
The equation governing the outer inviscid flow is the

modified three-dimensional unsteady transonic small
disturbance potential equation which includes higher order
terms to ensure proper swept shock jump conditions, and may
be written as

far above and below

— (A<t>:+B<t>x) = —
Ot Oy

d_
a^'

d_
3z ' (1)

The following shearing transformation is applied in order to
map the swept tapered wing planform in the physical domain
into a rectangle in the Cartesian computational domain.

,x-xLE(y)
c(y) (2)

Outboard of the wing tip, a smooth transition to a constant
chord section swept at the average of the leading- and trailing-
edge sweep angles is applied. In addition, the coefficient G is
split into two components, Gs and GN, such that the
streamwise and normal contributions to the spatial dif-
ferencing of the governing equation may be identified. This
decomposition will be useful in the formulation of the
numerical solution algorithm. Upon defining a, b, X, and Y,
Eq. (1) becomes

~-^(aq

dX dY

—

(3)

It is noted that

d_

dl
(4)

represents the streamwise contribution to the governing
equation with the remaining terms on the right-hand side of
Eq. (3) comprising the normal portion.

A formal definition of the inviscid problem is completed by
prescription of the boundary and initial conditions

far upstream

far downstream

wing root

far spanwise

(5a)

(5b)

(5c)

(5d)

(5e)

On the wing surface, the linearized unsteady boundary
condition

= ( l / c ) f f (6)

is applied on f = 0 ± for 0<£<1, 0<i7<r? t i p .
Along the trailing vortex sheet in the wake, the following

contact conditions are invoked.

(7a)

(7b)

on f = 0 for £ > 1 , 0 < rj < rjtip , where brackets denote the jump
in the enclosed quantity from above to below the vortex sheet.

Finally, the initial conditions

(8)

are specified.
Once the solution to Eq. (3) is obtained, the local in-

stantaneous pressure coefficient may be determined from the
following expression.

(9)

HI. Viscous Equations
Solution of the equations governing viscous flow regions is

predicated upon the quasisteady assumption. Therefore, it is
necessary to consider only the steady form of the equations
involved in order to extend the flowfield solution from time
level tn to time level tn+r=t" + At during the unsteady
solution process. In order to evaluate viscous parameters at
the new time level, tn + 1, all inviscid quantities are obtained
from the potential solution at time level tn. .The two-
dimensional form of the viscous equations is employed
stripwise along the span. However, the streamwise direction is
taken as that normal to the local sweep angle Ar The value of
A5 is equal to that of the incident shock surface for locally
supersonic strips or the mean of the leading- and trailing-edge
sweep angles for locally subsonic strips.

Viscous Ramp
The viscous ramp model, which is used to simulate the

displacement effect of the shock/boundary-layer interaction,
is based upon the observation in many steady experimental
measurements that the post-shock pressure level for turbulent
flow over an airfoil corresponds approximately to that of the
oblique shock produced by flow over a compression ramp
with a wedge angle equal to that of the detachment angle for
the given upstream Mach number. Geometry of the model is
depicted schematically in Fig. 1. It consists of a short
precursor over which the ramp slope varies linearly from zero
to the given wedge angle followed by the main ramp body
along which the slope varies quadratically. At the ramp
leading edge the ramp height and slope are continuous, and at
the downstream end the slope and curvature vanish. The ramp
is positioned with respect to the local instantaneous sonic
point location and affinely scaled with the shock strength as
determined by local conditions upstream of the shock. By
offsetting the ramp leading edge a distance £0 ahead of the
sonic location, the ramp is able to more fully influence the
numerical shock profile. The leading edge of the ramp is
preceded by a precursor of length £ which has been used in
previous unsteady calculations14'20'22^ to moderate passage of
the sharp leading edge across computational mesh points,



366 D. P. RIZZETTA AND C. J. BORLAND AIAA JOURNAL

shape parameter

Fig. 1 Viscous ramp geometry.

thereby precluding spurious numerical instabilities. The main
body of the ramp has a length of %R where the parameters £p,
%0, and %R may be selected for each specific application.

The wedge angle 0 is obtained directly from the steady two-
dimensional form of Eq. (3). A complete derivation may be
found in Ref. 20. In addition, the concepts of simple sweep
theory are applied to obtain

(10)

pe U (14)

entrainment coefficient

CE= —— TT;E
 PeUe dS- (15)

Here 5 and TV are the stream wise and normal directions,
respectively, within the boundary layer. The subscript e refers
to the boundary-layer edge denoted by N= d. Within the
confines of small disturbance theory the edge conditions may
be taken as those corresponding to the inviscid solution along
the wing surface or wake centerline evaluated on f = 0± .

The primary dependent variables are taken as (0/cs), ff,
and CE. Given their value at any stream wise station £, their
distributions may be predicted by the following system of
first-order ordinary differential equations.

(16)

where <#>^ is evaluated just upstream of the shock. Given
</>£ and the sonic point location £5, the ramp slope variation
fR is algebraically defined in terms of £, %p, £5, £0, and %R.

Lag Entrainment Equations
The form of the integral boundary-layer equations which

will be considered here is that of the lag entrainment
equations due to Green.15 They are predicated upon the
boundary-layer assumption that the normal extent of viscous
region is small compared to the wing or wake thickness, which
necessarily applies to flows at high Reynolds numbers. By
integrating the governing partial differential equations in the
normal direction and suitably modeling the requisite
relationships among the dependent variables, a system of
three first-order ordinary differential equations is obtained.
Two of the equations result directly from continuity and
momentum. The third evolves from the Bradshaw et al.23

turbulent energy equation, but is formulated in terms of the
entrainment concept originally proposed by Head.24 This
yields a streamwise rate equation governing the degree to
which the outer inviscid flow merges with the turbulent shear
layer.

The lag entrainment equations are briefly summarized here,
where the simple sweep concept has been employed for
coupling with the inviscid solution. We first define

displacement thickness

(17)

- 1 + 0.
,l + 0.1M2cos2Asn \cs

(18)

A definition of the parameters necessary to complete the
description of these equations may be found in Refs. 15-17.

In addition, it may be shown that

(19)

where

».[-(,_ 4Jo V PeUe

momentum defect thickness

(11)

(12)

shape factor

(20)

and

= 5*/0. (13) (21)
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This form was first deduced by East et al.17 and displays the
dominant explicit dependence of the displacement surface
slope upon the pressure gradient 0^.

Modified Boundary Conditions
The effect of the viscous flow regions is accounted for in

the inviscid solution by modifying the surface boundary
condition to incorporate viscous displacement. Thus, Eq. (6)
is replaced by

(22)

(23)

where the viscous ramp is used, and

<t>f = ( l / c \ f f

= (l/c)ff

on f=0 ± for 0<£<1, 0<7/<?? t i p when coupled with the lag
entrainment equations. Downstream of the wing trailing edge
the viscous wake generates an effective displacement
afterbody. Due to its presence, a discontinuity in the slope of
the potential is now permitted such that the wake condition
Eq. (7b) is replaced by

[0 f] = [ (SVc 5 ) € ] = [F7+F2«K] (24)

IV. Numerical Method
Inviscid Algorithm

The time accurate solution of the inviscid potential
equation [Eq. (3)] is obtained by the following first-order (in
time) accurate approximate factorization alternating direction
implicit (ADI) algorithm.

£ sweep: !

TJ sweep:

B5t

(25a)

(25b)
f sweep:

cA
A/2

(25c)-

Here, d^ d^, and_6ff are second-order accurate central differ-
ence operators, <5? a first-order accurate backward difference
operator, and D^ and D^ type-dependent mixed difference
operators. Details of the numerical method are summarized in
Ref. 10 and discussed in detail in Ref. 25.

Viscous Equations
The viscous ramp slope modification at time level n

+ l(//?+/) is evaluated based upon the potential distribution at
time level n(<j>n). In order to locate the sonic point £5, the
simple sweep relationship

(26)

is employed, where the steady form of CP3D is
taken as is consistent with the quasisteady assumption. The
sonic point is then defined such that

at * = (27)

The critical pressure coefficient C*2D is that corresponding to
the equivalent two-dimensional freestream Mach number

(28)

The upstream location at which $> is evaluated corresponds
to that grid point lying two mesh points upstream of %s. Once
£5 and 0^us are obtained, the entire ramp geometry is defined.

Solutions to the lag entrainment equations in the form
given by Eqs. (16-18) are obtained by a simple second-order
accurate Runge-Kutta integration scheme. Initial conditions
are established upstream of shock waves for sections where
the flow is locally supersonic or at the point of minimum
pressure for sections where shock waves are absent. For this
purpose incompressible flat plate results and a 1/7 power law
velocity profile26 are used to initialize 0, H, and CE. In-
tegration is then carried out to the downstream boundary
based upon the potential distribution at the previous time
step.

Coupling Procedure
Far upstream of shock waves all viscous effects upon the

inviscid solution are neglected. For locally supersonic stations
the viscous ramp is employed ahead of the sonic location as a
simple wing surface slope modification given by Eq. (22), but
no coupling with the boundary-layer solution is invoked.
Downstream of the sonic location the remaining portion of
the viscous ramp is ignored and the boundary-layer solution is
coupled implicitly to the inviscid solution through use of Eqs.
(23) and (24). In the case of locally subsonic stations no
viscous ramp is employed and the implicit coupling procedure
is initiated at the point of minimum pressure.

The wing plane (f-0) is centered between planes of
computational mesh points, such that the surface boundary
condition is manifested in the calculation of <t>^ in the mesh
planes just above and below £=Q. This is accomplished by
employing the relationship

(29)

where the index Kp refers to the mesh plane just above the
wing surface and a constant mesh size is considered here for
illustrative purposes. The surface boundary condition is now
employed as

(0 + )IJ=(l/cJ) (Ff (30)

and (0^)// is written in terms of the potential at points lying
above the surface; i.e.,

(3D

Equations (30) and (31) are then used in conjunction with Eq.
(29) to obtain

(32)

This expression forms an implicit relationship as part of the
tridiagonal system in the f sweep of the inviscid algorithm. An
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expression similar to Eq. (32) may be derived for W> f f) /jk7 . It
is noted that at thekgrid location /,/ values of 0 at the up-
stream column (4>1-jj) are known at the advanced time level
but those at the downstream column (<t>J+ u) must be'taken at
the previous time level for the algorithm to remain intact. A
similar treatment of the trailing wake may be formulated by
use of Eq. (24). The coupling procedure is considered to be
significant in suppressing numerical instabilities which would
otherwise occur, particularly in regions where (d*/cs)^ is large
such as at the trailing edge.

V. Results
All of the results presented here were generated on a

nonuniform 60x40x20 (£,77,f) Cartesian computational
mesh with the wing surface defined by 39 x 12 of these points
in the £-r/ plane. The computational domain was defined by
- 15.375 <£ <26.575; 0<r? <5.3; - 13.0375 <f-< 13.0375
and minimum grid spacing taken as

A£min=0.01 Aflmin=0.10 = 0.025

which occur at the wing leading edge, at the wing tip, and
adjacent to the wing surface, respectively. A time step of
A/= 0.0043633 was employed. This corresponds to a distance
of one root chord of travel in 45.8 time steps at. the freestream
velocity. For a reduced frequency of £ = 0.2, the choice of At
results in four time steps per degree of circular frequency
change along the pitching cycle of a forced oscillation.
Nominal values of the viscous ramp parameters were selected
as follows.

£0=0.02, ^=0.02, £^=0.10

These choices have proven adequate for a number of both
steady and unsteady two-dimensional solutions.14'20 Results
were generated on the CDC 7600 computing system and
required approximately 4 s of CPU time per time step of
calculation for both inviscid and viscous cases.

In order to establish validity of the assumptions underlying
the computational method, comparison is made with ex-
perimental data for the steady flow about a high aspect ratio
wing having an advanced airfoil section. The configuration to
be considered corresponds to the Lockheed-Georgia "wing
A"27'28 which was developed as part of a comprehensive
program to acquire steady transonic experimental data
specifically for evaluation of three-dimensional com-
putational methods. The wing has an aspect ratio of 8.0, a
taper ratio of 0.4, and leading edge sweep angle of 27 deg
(?7tip =2.77). A nonuniform 12% thick airfoil section having
appreciable aft camber is employed, with approximately 5 deg
of nose-down twist occurring between the root and tip sec-
tions. The section and planform geometry are regarded as
representative of modern transport aircraft.

Freestream conditions were established for the flow in air at
Mx =0.819, a = 1.96 deg, and Re^ =8.08 x 106. These values
duplicate the test conditions of Hinson and Burdges27'28 as
well as the numerical results of Streett.29 A steady-state
solution was generated by the time integration procedure
previously summarized, with initial conditions corresponding
to an undisturbed flow (<t>=<t>t =0). Results of this calculation
are shown in Fig. 2 in terms of the wing surface pressure
distribution where the data of Hinson and Burdges have been
provided for comparison. The spanwise mesh distribution was
selected to coincide with experimental data measuring
stations. Figure 2 shows good agreement between the com-
puted pressure distribution and the experimental data at all
span stations for which measurements are available.

A more detailed presentation of these results is provided in
Fig. 3 which shows the chordwise surface pressure
distribution at the 70% span station. In addition, a fully
inviscid solution for this same case was computed and shown

-4.0

-3.0

-2.0 -

OO = 0.819

a = 1.96°

Re =8.08x106

-1.0 -

Fig. 2 Comparison of steady surface pressure distributions with
experiment for Lockheed "wing A."

1.5

-1.0

-0.5

0.0

0.5

1.0

M00 = 0.819
a =1.96°
Re = 8.08 x 106

n/n

———— VISCOUS SOLUTION

----- INVISCID SOLUTION
_<_—— SOLUTION OF REF. 29 (H /H . =0.68)

tip
• • EXPERIMENT

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3 Comparison of steady surface pressure distribution with
experiment for Lockheed "wing A" at i//i7tip =0.70.

for comparison. The improvement due to the addition of the
boundary-layer calculation is apparent. It is noted that the
shock is weakened and displaced upstream by the inclusion of
viscous effects. Aft decambering due to the boundary-layer
displacement is quite noticeable, particularly on the lower
surface. Also shown are the numerical results of Streett29

which consist of a full potential inviscid outer flow solution
and a fully three-dimensional integral boundary-layer and
wake solution coupled via the displacement thickness. While
the flow conditions for Streett's solution,are the same as
previously noted, the configuration consists of a half-body
fuselage model with a midmounted wing and corresponds to
another of the test cases of Hinson and Burdges. Streett's
result compared extremely well with experiment, thus the data
for the wing-body combination has been omitted. Due to the
presence of the body, the shock lies somewhat ahead of its
location for the wing alone. The lower surface pressure
distribution is virtually the same in both cases.

Upper surface distributions of the displacement and
momentum defect thickness at midspan appear in Fig. 4.
Influence of the shock can be seen near £ = 0.4. Downstream
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Fig. 4 Steady upper surface displacement and momentum defect
thickness distributions for Lockheed "wing A."

Fig. 6 Steady upper surface displacement and momentum defect
thickness distributions for MBB-A3 wing.

-—— INVISCID SOLUTION

—— VISCOUS SOLUTION

INVISCID SOLUTION

VISCOUS SOLUTION

Fig. 5 Comparison of inviscid and viscous steady surface pressure
distributions for MBB-A3 wing.

Fig. 7a Comparison of inviscid and viscous unsteady surface
pressure distributions for MBB-A3 wing at t — ir/2 and a = 2 deg.

of the trailing edge, 6 and <5* tend to constant values which is
consistent for wakes without pressure gradient.

In the case of fully three-dimensional unsteady transonic
flows over wings, little experimental data suitable for
validation purposes is available. Because of this, a
representative sample calculation was selected in order to
illustrate results of the numerical method. For this example a
section geometry corresponding to the MBB-A330 airfoil was
chosen. The section has a blunt leading edge, a thickness ratio
of 8.9%, moderate aft camber, and has been selected as an
AGARD standard for evaluating transonic aeroelastic
analysis methods. A wing planform identical to the Lockheed-
Georgia "wing A" was employed (7R=8.0, A = 0.4) except
that the leading edge sweep angle was set to 30 deg.

Steady-state viscous and inviscid solutions were generated
for freestream conditions corresponding to M00=0.85,
a: =1.0 deg, and Re00 = \Q1. Results of the pressure
distributions at half of the spanwise mesh stations are
compared in Fig. 5. Viscous effects near shocks and on the aft
lower surface are apparent. Corresponding chordwise
distributions of the displacement and momentum defect
thickness near the midspan station appear in Fig. 6.

Using the steady-state solutions as initial conditions, an
unsteady calculation was performed by specifying a forced

INVISCID SOLUTION
VISCOUS SOLUTION

0.0

Fig. 7b Comparison of inviscid and viscous unsteady surface
pressure distributions for MBB-A3 wing at t = 3ir/2 and a = 0 deg.
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Fig. 8 Unsteady upper surface displacement thickness distribution
for MBB-A3 wing.

----- INVISCID SOLUTION
-——• VISCOUS SOLUTION

0.2

0.1

0.0
w = 0.85

\ a = 1°
< k = 0.2

Re_ = 10
CL 0.5

0.0

2.0

1.0

0.0
0.0 2.5 10.0 12.55.0 7.5

t
Fig. 9 Unsteady lift and moment coefficients for MBB-A3 wing.

rotation about the wing leading edge root such that a='l
deg + 1 deg sin/. The reduced frequency, k, was chosen to be
0.2, and for simplicity the low-frequency approximation was
made (e = 0). Integration in time was allowed to proceed for
two cycles of rotation. Figure 7 indicates the instantaneous
surface pressure distribution for this case. The value of time
here is referenced to the beginning of the second cycle and
given in radians. At the maximum angle of attack, a-2 deg
(Fig. 7a), a large difference between the solutions, particularly
near shocks is evident. While the difference between the
solutions is less substantial at the minimum angle of attack,
a = 0 deg (Fig. 7b), aft decambering due to viscous
displacement is still appreciable. Corresponding values of the
displacement thickness are given in Fig. 8. It is noted that the

large differences in <5* at the extremes of the oscillation cycle
are brought about by the alternate formation and disap-
pearance of the shock. In Fig. 9 the total wing unsteady lift
and moment coefficient time histories are presented along
with the angle-of-attack variation. Although there is little
phase difference between the inviscid and viscous solution for
this particular case, the difference in both mean value and
magnitude of oscillation is significant.

VI. Discussion and Conclusions
A method has been presented for computing the unsteady

three-dimensional transonic flowfield about thin wings of
arbitrary planform and section geometry including the effects
of inviscid/viscous interaction. Dominant effects of the
shock/boundary-layer interaction were accounted for by a
simple computational artifice, while viscous regions adjacent
to the wing surface and along the trailing wake were described
by a set of integral equations appropriate for two-dimensional
turbulent flows. Although this analysis necessarily was
simplified, comparison with steady three-dimensional ex-
perimental data and a solution of more exact equations for a
typical transport configuration indicates that it will be
adequate for many practical applications. In addition, an
example calculation of a wing oscillating in rotation indicated
appreciable variation in unsteady aerodynamic force coef-
ficients when viscous effects are accounted for. This behavior
is typical of wings having advanced airfoil sections and may
be a significant consideration when performing aeroelastic
analysis.

No provision has been made in the present work for the
existence of a laminar portion of the upstream boundary
layer. For the results considered here, the Reynolds numbers
were sufficiently large such that for practical purposes the
entire boundary layer could be considered turbulent. A simple
attachment line model or stagnation point solution followed
by a laminar calculation and suitable transition criteria could
be incorporated easily in order to establish initial conditions
for the lag entrainment equations without altering the basic
computational method. Wake curvature, effects have been
neglected entirely in the results presented here. These may be
accounted for by a simple alteration of the basic wake jump
condition, Eq. (7a).29 It is indicated by the results of Streett29

that wake curvature may have a significant impact upon the
lower surface pressure distribution for wings having advanced
airfoil sections. It should also be noted that the method is
designed to compute attached flows only, although in practice
the numerical procedure may tolerate small regions of
separation.

The method of time integration of fluid dynamic equations
of motion offers a unique capability for performing
aeroelastic analysis. Unsteady structural equations of motion
governing the deformation of an elastic wing may be coupled
with these directly and simultaneously integrated in time to
determine the aeroelastic response of the combined system.
This technique has already been applied for a purely inviscid
flowfield,13 and may be extended easily to include viscous
effects by the described method. Addition of the integral
equations for viscous calculations increases computation time
(CPU) by less than 6%, thus maintaining the basic efficiency
of the inviscid algorithm. This consideration provided much
of the motivation for employing a simplified viscous analysis,
and appears to be justified for the purpose of structural
applications.
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